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A B S T R A C T
In this study we analyzed the ﬂow, heat andmass transfer behavior of Casson ﬂuid past an exponentially
permeable stretching surface in presence of thermal radiation, magneticﬁeld, viscous dissipation, heat
source and chemical reaction. We presented dual solutions by comparing the results of the Casson ﬂuid
with the Newtonian ﬂuid. The governing partial nonlinear differential equations of the ﬂow, heat and
mass transfer are transformed into ordinary differential equations by using similarity transformation and
solved numerically by using Matlab bvp4c package. The effects of various non-dimensional governing
parameters on velocity, temperature and concentration proﬁles are discussed and presented graphically.
Also, the friction factor, Nusselt and Sherwood numbers are analyzed and presented in tabular form for
both Casson and Newtonian ﬂuids separately. Under some special conditions the results of the present
study have an excellent agreement with existing studies for both Casson and Newtonian ﬂuid cases.
Copyright © 2015, The Authors. Production and hosting by Elsevier B.V. on behalf of Karabuk
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).
1. Introduction
The study of non-Newtonian ﬂuids has a variety of applica-
tions in engineering and industry especially in extraction of crude
oil from petroleum products. Casson ﬂuid is a non-Newtonian ﬂuid
which exhibits yield stress. Human blood can also be treated as a
Casson ﬂuid due to the blood cells’ chain structure and the sub-
stances contained like protein, ﬁbrinogen, rouleaux etc. Hence the
Casson ﬂuid has its own importance in scientiﬁc as well as in en-
gineering areas. The revolution of the boundary layer behavior of
a continuous stretching surface started with Sikiadis [1]. Heat trans-
fer characteristics of Casson ﬂuid ﬂow through an exponentially
stretching sheet in presence of porous medium and thermal radi-
ation was discussed by Pramanik [2] and concluded that an increase
in the value of Casson parameter suppresses the velocity ﬁeld.
Gnaneswara Reddy [3] investigated an unsteady two-dimensional
ﬂow of a non-Newtonian ﬂuid past a stretching surface in pres-
ence of thermal radiation and variable thermal conductivity. Khalid
et al. [4] studied the unsteady free convection ﬂow of Casson ﬂuid
past an oscillating vertical plate with constant wall temperature.
Three-dimensional MHD boundary layer ﬂow of Casson nanoﬂuid
through a linearly stretching surface with convective boundary con-
dition was depicted by Nadeem et al. [5]. Akbar [6] studied the exact
solutions of the magneticﬁeld effect on peristaltic ﬂow of a Casson
ﬂuid in an asymmetric channel in presence of crude oil reﬁne-
ment. MHD ﬂow of Casson ﬂuid over a stretching surface in presence
of Dufour and Soret effects was analyzed by Hayat et al. [7]. Khalid
et al. [8] discussed an unsteady free convection MHD ﬂow of Casson
ﬂuid through an oscillating vertical plate embedded in a porous
mediumwith constant wall temperature. The stagnation-point ﬂow
of non-Newtonian incompressible Casson ﬂuid past a stretching
surface in presence of Dufour and Soret effects was depicted by
Kameswarani et al. [9], in this study they showed that shrinking case
reduces the velocity boundary layer thickness and enhances the con-
centration boundary layer thickness. Hussanan et al. [10] investigated
the heat transfer and Newtonian ﬂuid analysis on an unsteady
boundary layer ﬂow of a Casson ﬂuid through an oscillating verti-
cal plate.
Anunsteady two-dimensional Cassonﬂuidﬂowof non-Newtonian
ﬂuid past a stretching surface in presence of porous medium was
illustrated by Kirubhashankar et al. [11]. A three-dimensionalMHD
Cassonﬂuid ﬂowover a linearly stretching surface in porousmedium
was examined by Nadeem et al. [12] and concluded that the in-
crease in magneticﬁeld, Casson parameter decreases the velocity
proﬁles in both x and y directions. Haq et al. [13] investigated the
suction/injection effects onmagnetohydrodynamic ﬂowof a Casson
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nanoﬂuid past a permeable exponentially shrinking surface and
concluded that non-Newtonian ﬂuid have higher friction factor
compared with Newtonian ﬂuid. Boundary layer analysis of
Casson ﬂuid ﬂow past an exponentially permeable shrinking
surface in presence of magneticﬁeld was examined analytically by
Nadeemet al. [14]. RecentlyMalik et al. [15] discussed the heat trans-
fer and boundary layer ﬂow of Casson nanoﬂuid ﬂow past a vertical
exponentially stretching cylinder. Stagnation point ﬂow of opti-
mized analytical solution for oblique ﬂow of Casson-nanoﬂuid
with convective boundary conditionswas illustratedbyNadeemet al.
[16]. Carmona et al. [17] presented the transpose diffusive term for
viscoelastic type non-Newtonian ﬂuid ﬂow using numerical anal-
ysis of variable collocated arrangement. Reynolds number impact
on the ﬂow of electro rheological ﬂuid of a Casson type between
ﬁxed sheets of revolutionwas discussed byWalicka and Falicki [18].
Animasaun et al. [19] studied an incompressible laminar free con-
vectiveMHDCassonﬂuid ﬂowpast an exponentially stretching sheet
with suction by using homotopy analysis method. They concluded
that increasing values of variable plastic dynamic viscosity param-
eter of Casson ﬂuid correspond to enhanced velocity proﬁles and
reduce the temperature throughout the boundary layer. The effect
of magneticﬁeld and heat source on the steady boundary layer ﬂow
and heat transfer of a Casson nanoﬂuid past a vertical exponen-
tially stretching cylinder across its radial direction was discussed
by Sarojamma and Vendabai [20].
Immanuel et al. [21] analyzed the viscous steady ﬂow of Casson
ﬂuid with ﬁxed velocity under the inﬂuence of uniform
magneticﬁeld. A two-dimensional non-linear squeezing ﬂow of
Casson ﬂuid between horizontal plates was investigated analyti-
cally by Ganesh et al. [22]. Wahiduzzaman et al. [23] illustrated an
unsteady incompressible MHD non-Newtonian Casson ﬂuid ﬂow of
an electrically conducting ﬂuid between parallel porous plates with
Hall Effect. Magneto hydrodynamics Casson ﬂuid ﬂow through a non-
isothermal linearly stretching surface in presence of porous medium
was depicted byWahiduzzaman et al. [24]. Singh and Dandapat [25]
studied the transverse uniformmagneticﬁeld effect on thin ﬁlm ﬂow
of Casson liquid past a nonlinearly stretching surface. Rees and
Bassom [26] examined an unsteady free convection thermal bound-
ary layer ﬂow of Bingham ﬂuid in a saturated porous medium. An
unsteady free convection ﬂow of a viscous dusty ﬂuid between two
ﬂat plates ﬁlled with porous medium in presence of inclined
magneticﬁeld was considered by Sandeep and Sugunamma [27].
Sandeep et al. [28] discussed an unsteady natural convective ﬂow
of nanoﬂuid past an inﬁnite vertical plate in presence of radiation
effect. Mohan Krishna et al. [29] elaborated this work by choosing
heat source effect and various nanoﬂuids. MHD convection nanoﬂuid
ﬂow past a moving vertical plate in presence of Soret and radia-
tion effects was discussed by Raju et al. [30]. MHD boundary layer
ﬂow due to an exponentially stretching sheet in presence of radi-
ation was discussed by Ishak [31]. Analytical solution for third grade
nanoﬂuid ﬂow over a rotating vertical cone was presented by
Nadeem and Saleem [32]. Nadeem et al. [33] analyzed MHD oblique
ﬂow of Walter’s B type ﬂuid over a convective surface. Nadeem and
Saleem [34] investigated an optimized study of mixed convection
ﬂow of a Jeffrey nanoﬂuid on a Rotating Vertical Cone. A com-
bined effect of magnetic ﬁeld and partial slip on obliquely striking
rheological ﬂuid over a stretching surface was discussed by Nadeem
et al. [35].
Present study is the extension work of Pramanik [2]. In this study
we analyzed the ﬂow, heat and mass transfer behavior of Casson
ﬂuid past an exponentially permeable stretching surface in pres-
ence of thermal radiation, uniformmagneticﬁeld, viscous dissipation,
heat source and chemical reaction. We presented dual solutions by
comparing the results of the Casson ﬂuid with the Newtonian ﬂuid.
The governing partial nonlinear differential equations of the ﬂow,
heat and mass transfer are transformed into ordinary differential
equations by using similarity transformation and solved numeri-
cally. The effects of various non-dimensional governing parameters
on velocity, temperature and concentration proﬁles are discussed
and presented graphically. Also, the friction factor and Nusselt and
Sherwood numbers are analyzed and given in tabular form for both
Casson and Newtonian ﬂuids separately. Under some special con-
ditions the results of the present study have an excellent agreement
with existing studies.
2. Mathematical formulation
Consider a steady, incompressible, dissipative MHD Casson ﬂuid
past a nonlinearly exponentially stretching sheet which coincides
with the plane y = 0. The ﬂuid ﬂow is conﬁned to y > 0. We applied
a variable magneticﬁeld and there is no applied voltage, which
implies the absence of an electric ﬁeld. Also it is assumed that the
induced magnetic ﬁeld is small compared to the external magnet-
ic ﬁeld. This implies that a small magnetic Reynolds number exists
in this study. Along with this we considered heat source and chem-
ical reaction to the ﬂow. Two equal and opposite forces are applied
along the x axis, so that the wall is stretched keeping the origin
ﬁxed. The rheological equation of state for an isotropic and incom-
pressible ﬂow of a Casson ﬂuid is as follows:
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rate, π is the product of the component of the deformation rate with
itself, πc is a critical value of this product based on the non-
Newtonianmodel, μB is plastic dynamic viscosity of non-Newtonian
ﬂuid, and py is the yield stress of the ﬂuid. The equations govern-
ing the ﬂow can be written as
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where u and v are the velocity components in the x y, directions,
ν is the kinematic viscosity, ρ is the ﬂuid density, β μ π= B c yp2
is the Casson ﬂuid parameter, g is the acceleration due to gravity,
βT is the thermal expansion coeﬃcient, T is the ﬂuid tempera-
ture, βc is the concentration expansion coeﬃcient, σ is electric
conductivity, B B eNx L= 0 2 is the variable magneticﬁeld, k is the
thermal conductivity of the ﬂuid, ρcp is the heat capacitance of ﬂuid,
qr is the radiative heat ﬂux, μ is the dynamic viscosity, Q Q eNx L= 0
is the variable heat source parameter, Dm is the coeﬃcient of the
mass diffusivity, C is the concentration of the ﬂuid, k k el Nx L= 0 is the
chemical reaction parameter, N is the exponential parameter and
V x v eNx L( ) = 0 2 is the suction/injection parameter.
The radiative heat ﬂux qr under Rosseland approximation
(Brewster [36]) has the form
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where σ* is the Stefan–Boltzmann constant and k* is the mean
absorption coeﬃcient. The temperature differences within the
ﬂow are assumed to be suﬃciently small such that T 4 may be
expressed as a linear function of temperature. Expanding T 4 using
Taylor series and neglecting higher order terms yields
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We now employ the similarity transformation as
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where T∞ is the ambient ﬂuid temperature, C∞ is the ambient ﬂuid
concentration, L is the characteristic length, U0 is the ﬂuid velocity.
Using equations (5), (7) and (8), equations (2)–(4) transformed
to the ordinary differential equations is of the form
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S is the suction for S > 0 and S < 0 for injection, β is the Casson
ﬂuid parameter, M B u= σ ρ02 0 is the magneticﬁeld parameter, N is
the exponential parameter, Gr g LT U= β 0 02 is thermal Grashof
number, Gc G LC U= β 0 02 is the concentration Grashof number,
Pr = υ αf f is the Prandtl number, R T k ka = ∞4 3σ* * is the radiation pa-
rameter, Ec U Lcp= 02 is the Eckert number, Q Q L T UH = 0 0 0 is the heat
source parameter, Sc Df m= υ is the Schmidt number, K k L C Ul = 0 0 0
is the chemical reaction parameter.
The physical quantities of interest are the local skin friction co-
eﬃcient, the wall heat transfer coeﬃcient and mass transfer
coeﬃcients are given by
Cf fx xRe ,1 2 0= ′′ ( ) (13)
Nux xRe ,− = − ′ ( )1 2 0θ (14)
Shx xRe ,− = − ′ ( )1 2 0φ (15)
3. Results and discussion
The system of nonlinear ordinary differential equations (9) to (11)
with the boundary conditions (12) are solved numerically by using
bvp4c with MATLAB package. The obtained results show the effects
of the various non-dimensional governing parameters, namely ex-
ponential parameter N( ) , magneticﬁeld parameter M( ), radiation
parameter Ra( ), Eckert number Ec( ) , heat source parameter QH( )
and chemical reaction parameter Kl( ) on the ﬂow, temperature and
concentration proﬁles. Also, the friction factor and Nusselt and Sher-
wood numbers are discussed and given in tabular form. For
numerical results we used Ec = 0 1. , M Gr Gc S= = = = =1 1 0 5 0 7, , . , Pr . ,
Sc N R Q Ka H l= = = = =0 6 1 0 5. , , . . These values are treated as
common throughout the study except the varied values in respec-
tive ﬁgures and tables.
Figures 1–3 depict the effect of magneticﬁeld parameter on ve-
locity, temperature and concentration proﬁles respectively. It is clear
from the ﬁgures that an increase in the magneticﬁeld parameter en-
hances the temperature and concentration boundary layers and
reduces the velocity boundary layer. This is due to the fact that an
increase in magneticﬁeld develops the opposite force to the ﬂow
direction, which is called Lorentz force. This force we have has the
tendency to reduce the velocity boundary layer and enhance the
thermal boundary layer thickness. It is also interesting to mention
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Fig. 1. Velocity proﬁles for different values of magneticﬁeld parameter M.
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Fig. 2. Temperature proﬁles for different values of magneticﬁeld parameter M.
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that the temperature proﬁles of the Casson ﬂuid effectively en-
hances compared with the temperature proﬁles of Newtonian ﬂuid.
The inﬂuence of radiation parameter Ra( ) on velocity and tem-
perature proﬁles is shown in Figs. 4 and 5. It can be observed that
there is an enhancement in the velocity and temperature proﬁles
when there is an increase in the radiation parameter. This may
happen due to the fact that an increase in the radiation parameter
enhances the thermal boundary layer. In view of this we can con-
clude that inﬂuence of radiation is more signiﬁcant as R Ra a→ ≠( )0 0
and it can be neglected as Ra → ∞ . This agrees with the general phys-
ical behavior of the radiation parameter. Also, it is observed that
an increase in radiation parameter shows more impact on the ve-
locity and temperature proﬁles of the Casson ﬂuid compared with
the Newtonian ﬂuid.
Figures 6–8 depict the inﬂuence of the exponential parameter
on velocity, temperature and concentration proﬁles. It is evident from
the ﬁgures that an increase in exponential parameter declines the
velocity, temperature and concentration boundary layers. This
happens due to the decreasing nature of the momentum, thermal
and concentration proﬁles with the increasing value of the expo-
nential parameter N( ) . This may happen due to a decrease in the
wall temperature throughout the boundary layer for positive values
of exponential parameter (i.e. heat transfer takes place from the wall
to ambient ﬂuid, which causes the particles to move away from the
wall).
The inﬂuence of chemical reaction parameter on velocity and con-
centration proﬁles is displayed in Figs. 9 and 10. It can be observed
from the ﬁgures that a rise in the value of chemical reaction pa-
rameter Kl( ) reduces the momentum and concentration boundary
layers. Due to an increase in the interfacial mass transfer we ob-
served a fall in velocity and concentration proﬁles. This enhancement
in the interfacial mass transfer causes the improvement of the Sher-
wood number.
Figure 11 displays the effect of heat source parameter on tem-
perature proﬁles of the ﬂow. It is noticed that an increase in the
heat source parameter QH( ) reduces the temperature proﬁles of the
ﬂow. It is expected that an increase in heat source parameter will
release the heat energy to the ﬂow, which causes the temperature
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Fig. 3. Concentration proﬁles for different values of magneticﬁeld parameter M.
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Fig. 4. Velocity proﬁles for different values of radiation parameter Ra.
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Fig. 5. Temperature proﬁles for different values of radiation parameter Ra.
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Fig. 6. Velocity proﬁles for different values of exponential parameter N.
48 C.S.K. Raju et al./Engineering Science and Technology, an International Journal 19 (2016) 45–52
proﬁles to enhance. But due to the domination of the external heat
compared with the heat source supplied to the ﬂow, we noticed
reverse results to that of expected results. The inﬂuence of viscous
dissipation parameter Ec( ) on velocity and the temperature pro-
ﬁles are shown in Figs. 12 and 13. It is observed from the ﬁgures
that an increase in the Eckert number enhances the ﬂow and thermal
boundary layer thickness. This is due to the fact that an increase
in dissipation improves the thermal conductivity of the ﬂow. This
helps to enhance the thermal and momentum boundary layers.
Table 1 shows the comparison of the present results for New-
tonian ﬂuid case with the existing results of Pramanik [2] and Ishak
[31] and Table 2 shows the comparison of the present results with
the existing results of Pramanik [2] for the dimensionless thermal
boundary layer thickness of Casson ﬂuid η δδh v U h= ( )−0 1 2 , where
δh is the thermal boundary layer thickness. Present results have
an excellent agreement with the existing studies for both Newto-
nian and Casson ﬂuid cases. This shows the validity of the present
results along with the accuracy of the numerical method we used
in this study. Tables 3 and 4 represent the inﬂuence of the non-
dimensional governing parameters on Skin friction coeﬃcient ′′ ( )f 0 ,
Nusselt number − ′ ( )θ 0 and Sherwood number − ′ ( )φ 0 for Newto-
nian and Casson ﬂuids respectively. It is observed from the tables
that an increase in the magneticﬁeld parameter reduces the fric-
tion factor, heat and mass transfer rate. A rise in the values of
radiation parameter, thermal Grashof number and Eckert number
enhances the friction factor, mass transfer rate and declines the rate
of heat transfer. An increase in chemical reaction parameter and
Schmidt number depreciates the friction factor and Nusselt number,
but enhances the mass transfer rate. Enhancement in heat source
parameter and Prandtl number increases the heat transfer rate and
declines the mass transfer rate along with skin friction coeﬃcient.
A rise in the thermal Grashof number increases the friction factor,
heat and mass transfer rate. An increase in the value of exponen-
tial parameter depreciates the friction factor and enhances the
Nusselt and Sherwood numbers for both Newtonian and Casson
ﬂuids.
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Fig. 7. Temperature proﬁles for different values of exponential parameter N.
Table 1
Comparison of the values of − ′ ( )θ 0 for Newtonian ﬂuid.
Pr Pramanik [2] Ishak [31] Present study
1 0.9547 0.9548 0.954734
2 1.4714 1.4715 1.471426
3 1.8691 1.8691 1.869134
5 2.5001 2.5001 2.500102
10 3.6603 3.6603 3.660312
When S R Gr Gca= = = = 0, K Q Scl H= = = 0.
Table 2
Comparison of the values of dimensionless thermal boundary layer thickness ηδh
for Casson ﬂuid.
β Pramanik [2] Present study
S = −0.5 S = 0 S = 0.5 S = −0.5 S = 0 S = 0.5
0.2 5.73 4.61 3.78 5.7321 4.6132 3.7812
0.5 7.03 5.47 4.34 7.0310 5.4723 4.3421
0.8 7.71 5.96 4.65 7.7131 5.9632 4.6523
1 7.99 6.19 4.79 7.9910 6.1903 4.7942
2 8.62 6.80 5.17 8.6210 6.8021 5.1702
5 9.00 7.30 5.50 9.0000 7.3001 5.5010
When R Gr Gc K Q Sc Na l H= = = = = = = =0 1 0 7, , Pr . .
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Fig. 8. Concentration proﬁles for different values of exponential parameter N.
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Fig. 9. Velocity proﬁles for different values of chemical reaction parameter Kl.
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4. Conclusions
This study presented the ﬂow, heat and mass transfer behavior
of Casson ﬂuid past an exponentially permeable stretching surface
in presence of thermal radiation, magneticﬁeld, viscous dissipa-
tion, heat source and chemical reaction.We presented dual solutions
by comparing the results of the Casson ﬂuid with the Newtonian
ﬂuid. The governing partial nonlinear differential equations of the
ﬂow, heat and mass transfer are transformed into ordinary differ-
ential equations by using similarity transformation and solved
numerically by using Matlab bvp4c package. The effects of various
non-dimensional governing parameters on velocity, temperature and
concentration proﬁles are discussed and presented graphically. Also,
the friction factor and Nusselt and Sherwood numbers are ana-
lyzed and given in tabular form for both Casson and Newtonian ﬂuids
separately. The conclusions are as follows:
• An increase in exponential parameter and heat source param-
eter enhances the heat transfer rate.
• Magneticﬁeld parameter and chemical reaction parameter have
the tendency to reduce the skin friction coeﬃcient.
• A rise in the values of radiation parameter, thermal and con-
centration Grashof numbers enhances the mass transfer rate.
• An increase in viscous dissipation parameter enhances the ve-
locity and thermal boundary layers.
• Casson ﬂuid showed better heat transfer performance com-
pared with Newtonian ﬂuid.
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Table 3
Variation in ′′ ( ) − ′ ( ) − ′ ( )f and0 0 0, θ φ for Newtonian ﬂuid.
M Ra Kl QH N Gr Gc Ec Pr Sc ′′ ( )f 0 − ′ ( )θ 0 − ′ ( )φ 0
1 1.767436 2.305390 1.351317
3 0.699768 2.201769 1.271489
5 −0.163139 2.104417 1.209886
1 1.916400 1.918780 1.367787
2 2.107244 1.503753 1.391441
3 2.229523 1.274035 1.407805
1 1.699141 2.292466 1.465677
4 1.432580 2.243850 2.010816
7 1.273196 2.217004 2.431079
1 1.733597 2.403173 1.347692
4 1.578958 2.915278 1.332762
7 1.471243 3.344625 1.323644
1 1.767436 2.305390 1.351317
2 0.082506 3.129659 1.714151
3 −1.204888 3.775832 1.993520
1 0.421137 2.219323 1.288666
10 3.343361 2.363161 1.416351
20 6.287771 2.370790 1.522246
1 0.053372 2.139444 1.229996
10 3.697718 2.394336 1.455418
20 7.166802 2.380120 1.601168
0.2 1.781683 2.276165 1.353411
0.4 1.809733 2.216713 1.357547
0.6 1.837184 2.155875 1.361612
0.2 2.287157 1.173732 1.415747
0.4 2.012243 1.700651 1.379336
0.6 1.836221 2.118882 1.358692
0.2 2.158595 2.369666 0.758934
0.4 1.926462 2.332591 1.089813
0.6 1.767436 2.305390 1.351317
Table 4
Variation in ′′ − ′ ( ) − ′ ( )f and( ),0 0 0θ φ for Casson ﬂuid.
M Ra Kl QH N Gr Gc Ec Pr Sc ′′ ( )f 0 − ′ ( )θ 0 − ′ ( )φ 0
1 0.632831 2.252842 1.328818
3 0.060982 2.165744 1.266976
5 −0.405310 2.081927 1.218755
1 0.724013 1.872246 1.341146
2 0.847243 1.465601 1.359431
3 0.930237 1.241437 1.372512
1 0.585278 2.241479 1.444886
4 0.410815 2.200590 1.996156
7 0.313552 2.178935 2.419693
1 0.611091 2.353823 1.325925
4 0.515959 2.879126 1.314280
7 0.453266 3.316071 1.307420
1 0.632831 2.252842 1.328818
2 −0.311621 3.107235 1.729534
3 −1.003121 3.797861 2.051347
1 −0.029040 2.189420 1.284498
10 1.420005 2.296287 1.376869
20 2.915928 2.297128 1.458533
1 −0.255231 2.124799 1.243116
10 1.643761 2.319238 1.406246
20 3.478032 2.283440 1.518675
0.2 0.648469 2.227656 1.331782
0.4 0.678291 2.178821 1.337480
0.6 0.706205 2.131590 1.342868
0.2 0.970475 1.143754 1.378995
0.4 0.784964 1.658260 1.349985
0.6 0.674426 2.069061 1.334302
0.2 0.917129 2.311618 0.746360
0.4 0.744912 2.277426 1.071306
0.6 0.632831 2.252842 1.328818
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